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Abstract. We show by example that local intersection multplicities in holomorphic dy- 
namical systems can grow arbitrarily fast, answering a question of V. I. Arnold. 



Introduction 

Let / : (C^, 0) — )■ (C^, 0) be a germ of a holomorphic map that fixes the origin G C^, and 
which is finite-to-one near 0. Suppose C and D are two germs of holomorphic curves passing 
through 0. In this article, we will study the sequence of local intersection multiplicities 
li{n) := C ■ f^{D) at the origin, for ri > 0. Specifically, we will address the question: how 
fast can the sequence fj,{n) grow? This and related questions have been posed and studied 
by V. I. Arnold, who conjectured that, if /x(n) < oo for every n, the sequence grows 
at most exponentially fast, see |Arn93] . |Arn94t p. 215] and |Arn04t problems 1994-49 and 
1994-50]. Arnold proved the conjecture in the case when / is a local biholomorphism and in 
some cases when the complex derivative /'(O) has exactly one zero eigenvalue |Arn93j . but 
the general case appears to be unknown. 

In this article, we will see by explicit construction that Arnold's conjecture is false in 
general, and that in fact the sequence fi{n) can grow arbitrarily fast. More precisely, we will 
prove the following theorem. 

Main Theorem. Let /: C^ — )■ C^ be the polynomial map f{x,y) = (x^ — y^,y^), and let 
1/ : N — i- R 6e any function. Then there exist germs of holomorphic curves C and D through 
the origin such that the local intersection multiplicities fi{n) = C ■ f"^^{D) are always finite, 
and such that fj,{n) > z/(n) for infinitely many n. 

Notice that the complex derivative /'(O) for this map is 0, so / defines a superattracting 
germ at 0. The dynamics of superattracting germs is an active area of research in holomorphic 
dynamics in several variables, see for instance |HP94l IFavOOj IFJOTj Rugl2 Rugll , ICAR11[ 
IBEKlll IGR12j and the notes |Jonl2] . 

Before beginning the proof of the theorem in earnest, we begin with a brief overview. Let 
S be the space of binary sequences S = {0,1}^, and let a: S' — )■ 5 denote the left-shift 
map on S. For any two sequences s,t & S, set M{s, t) to be the smallest index m such 
that Sm 7^ tm, with M{s,t) = oo if s = t. To prove the theorem, we will construct a family 
{Cs}sg5 of germs of holomorphic curves through the origin with the properties that 

1. f{Cs) = C„(^s) for each s E S, and 

2. for any s,t G S, the local intersection multiplicity Cg • is x 4*^*^*'*\ 

The theorem then follows easily from the following simple proposition, the proof of which is 
left to the reader. 
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Proposition. Let z/: N — )> R 6e any function. Then there exist sequences s,t G S such that 
M{s, cr"-{t)) is finite for all n > 0, and such that M{s, cr"(t)) > for infinitely many n. 

In §1, we will construct the Cg as formal curves, that is, as curves defined by irreducible 
formal power series ips G The coefficients of the power series (fs will be determined 

via a recursive procedure that guarantees properties 1. and 2. are satisfied. In §2, we will 
prove that each formal power series is actually convergent, and hence that the curve germs 
Cg are holomorphic. It should be noted that the construction of the power series (ps in §1 
is purely algebraic, and that if we replace the word holomorphic with formal., the theorem 
holds when C is replaced by any field of characteristic ^ 2. Finally, it is worth mentioning 
that this counterexample is by no means isolated; one can construct similar "Cantor sets of 
curves" for many other superattracting germs. 

Acknowledgements. I would like to wholeheartedly thank Mattias Jonsson for his support 
and guidance during the course of this project. This work was supported by the grants DMS- 
1001740 and DMS-1045119. 



1. The construction 



For the rest of the article, we let / : — )■ be the polynomial map /(x, y) = {x'^—y^, y^), 
S be the space of binary sequences S = {0, 1}^, and a: S ^ S he the left-shift map on 5". 
We now define a family {^Ps}ses of irreducible formal power series (ps G C|a;, |/| of the form 

(1-1) 'Psix, y) = x + a^y + a{y^ + • • • + a^|/2+4n ^ . . . ^ 

by recursively defining the coefficients a^^ in the following way. First, set Cq = (—1)*°; then. 



assummg ag. 



(1.2) 



, a* have been defined for all s e 5*, we set 
1 



2a% 



E 

i+j=n+l 



Ms) 



2a^ 
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if 4 t n. 



if 4 I n. 



Let Cs denote the formal curve through the origin in defined by (ps- We now spend the 
rest of the section proving the following proposition. 

Proposition 1.1. The formal curves {Cs}ses satisfy 

1. f{Cs) = Co-(s) for all s E S, and 

2. the local intersection multiplicity Cg -Ct is 1(4"^"*"^ + 2), where m is the smallest index 
such that tm- 

Proof. To prove (1), we must show that \ {.V(t(s) ° /) in the ring Cfx, Indeed, we will 

show that p>a{s) ° f = {x + a^y'^ + afy^ H — a^y'^ — a{y^ ). To see this, first observe 

that 



1.3) {x + a'^y' + aly'' + ■ ■ ■){x - a^y' - a^y^ ) 



2 4 \ ^ 

X -y - 



n>0 i+j=n+l 
i,j>0 
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The recursion formula f ll.2p gives that the coefficient of ?/^("-+^) in this expression is when 
4 f n and is a^^^-* when 4 | n, so the right hand side of fll.3p is 

2 4 I '^(«) 4(4fc+2) 2 4 , cr(s) 8+16A: /■ 

X -y +2_^a^:'y'^ ^'=x -y +2_^a^}'y^ =^^^^^of. 

k>0 k>0 

This completes the proof of (1). 

To prove (2), we ffist make the easy observation that the intersection multiplicity Cs ■ Ct 
is precisely the smallest integer k such that the coefficients of y^ in the power series ips and 
(fit are different. From equation f ll.ip . it then follows that Cg ■ Ct = 2 + 4n, where n is the 
smallest index such that ^ a^. We will prove (2) by induction on m > 0, where m is the 
smallest index such that Sm 7^ tm- If m = 0, then 7^ Qq, and hence Cg-Ct = 2, establishing 
the base case of the induction. Now assume that m > is the smallest index index such 
that Sm 7^ tm- Then, by induction, Co-(s) ■ C„(^t) = 1(4™" + 2), from which it follows that the 
ffist index n for which an^^^ 7^ a^''*^ is n = ^(4"^"^ — 1). Using the recursion formula (11. 2p . 
we can then conclude that the ffist index n such that a* 7^ is 

n = l + ^(4'"-^-l) = ^(4™-l). 
Thus ■ = 2 + 1(4"^ - 1) = |(4™+i + 2), completing the induction, and the proof. □ 



2. Analyticity 

In this section, we will prove using the recursion formula (11. 2p that each of the power 
series ips constructed in §1 are convergent. Indeed, using very crude estimates, we will prove 
the following proposition. 

Proposition 2.1. Let C = 1/20 and R = 10. Then \a^\ < CK^/n^ for each n > 1 and each 
s E S. In particular, (ps converges on the set {{x,y) G : \y\ < 1/10}. 

To prove the proposition, we will make use of the following lemma. 

Lemma 2.2. Let n > 1 be an integer. Then 

1 < 20 



k=l 



Proof. The symmetry in the terms of the left hand sum implies that 

n L 2 J -I 

V = <2 V - 

£^ P(n - A; + 1)2 - ^ A;2(n - A; + 1)2' 

Multiplying both sides of this inequality by (n + 1)^ yields 

I ^ + 1 I I ^ + 1 I I n+l 

+ J-'' („+l)2 J-'' 1 „ V- 1 8ir 



^P(n-A; + 1)2- p(n-A; + l)2 pfi _ - Z^i,2 

k=l ^ ' k=l ^ ' k=\ ^ n+1 



A;2 ^ 

k=\ 



2 



Since 87r2/6 < 20, the proof is complete. □ 
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Proof of Proposition \2.1[ We will prove the proposition by induction on n > 1. When n = 1, 
the recursion formula (11. 2p gives a\ = —aQ^'^^/2aQ = ±| for each s G S, and hence = | = 
CR, establishing the base case of the induction. Now assume that the proposition holds for 
al when k <n. If 4 fn, then (11. 2p . the triangle inequality, and lLemma 2.21 give that 



n 



|<+l|<X> T^< 



2f-^^k^{n-k + iy-2{n + iy 2(n + 1)2 (n + l)2' 
establishing the proposition in this case. If 4 | n, then (II. 2p gives 



Ci?"/4 1^ C2i?"+i Ci?"/^ Ci?"+i 

< 



2(n/4)2 2 ^ A;2(^ _ ^ + 1)2 - 2(n/4)2 2(n + l)2' 
Since 4 | n, and in particular n > 4, the inequality ^ < (n + 1) — 4 is valid, and hence 



SC/?"/^ 8Ci?"+i 8Ci?"+i 
< ^tt:;— < 



2(n/4)2 n2 " n2i?4 (n + 1)2/^4 • 
Putting this estimate into (12. ip . we see that 

, , , , _ 1\ Ci?"+i Ci?"+^ 



„+ii - yj^i ' 2j (n + l)2 (n + l)2' 
This completes the proof. □ 
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